Chapter 14

Multiple integrals

14.4 Double integral in polar coordinate form

We are given a region D by
D ={(r,0) | $1(0) <7 < a(0), a<0<p}.

We divide D by the curves # = constant and the lines A8 = (8 — «)/I,

ro = Ar, rp =2Ar, ..., Tma1 = MAT,

and
bo=a, O =a+ A0, ..., 611 =a+1A0=p.

Choose any point (rg,0y) in AAy and consider the Riemann sum
R(f,n) =S =Y f(rr, k) AAy.
k=1

Let 0 = max; j{Ar;, Af;}. If the limit lim,, .o, R(f,n) exists (as § approaches
0), then it is defined as the integral of f on D and we write

/ /D F(r,0) dA.

Assume the point (rg, 0) is at the center of A Ak (figure 77, left). The area

1
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Ar

°
re — A /2 (Tk’ek)
AO

e+ Ar/2

Figure 14.1: Partition in polar coordinate

of AAy is

1 Ar\? 1 Ar\?

Proposition 14.4.1. If D is given by D = {(r,0) | ¢1(0) < r < ¢2(0), a0 <
0 < B}, the integral of f can be evaluated as the iterated integral:

/ /D F(r,0)dA = /a ’ /¢ j);(j) F(r,0)r drdo.

Example 14.4.2. Find the area of the region inside the cardioid » = 1 —sin .

r=1-—siné

Figure 14.2: r =1 —sin6

cardioid. We see 0 <r <1 —sinf

2w pr=1—sinf o2 7"2 r=1—sin 6
/ / rdrdf = / [—] db
0o Jr=o o L2],-

2T (1 — sin)?
_/0 g
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1 2T
:—/ (1 —2sin@ + sin® ) do

2 Jo

1 /2 1—cos?2
:—/ (1—2sin0 + 1252 g

2 Jo 2

1 0 sin20]%"
—§|:9+2C089+§— I,

2

O

Example 14.4.3. The area inside of the cardioid » = 1 + cos# and outside

of the unit circle r = 1.

r=1+4 cosf

Figure 14.3: Find the limits of integral r =1, r = 1 + cos 8

Example 14.4.4. Change the integral [[ f(z,y)dzdy to polar coordinate.

Since © = rcos, y = rsinf, we can let T'(r,0) = (rcosf,rsind).

Then Jacobian is

or Ox :

‘ o 0 ‘ B cosf —rsinf .
dy dy | T | . =r
5 0 sinf rcosf

Hence

// f(z,y) dedy = //f(rcos@,rsiné’) rdrdf.
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0| —

D*
01 — 02

Example 14.4.5. D is between two concentric circles: z2 +y% = 4, 22 +9% =
1(xz,y > 0). Find the integral

// Va2 +y? + 1dady.
D

Here D is the quoter of the annulus V1 — 22 < y < V4 — 22.

Use polar coordinate. We see the domain of integration in (r, ) is

D*={(r,0)]1 <r<20<0<m/2}.

// Va2 +y2+ ldedy = // Vr2 4+ 1rdrdf
D *
w/2 2 1
_ / / SV L(2r)drdo
0 1
w/2
= [ g0+
o 3

w/2 1 .

Example 14.4.6 (The Gaussian integral). Show that

/ e dr = /7.

—00
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To compute this, let us first observe

) 2 0o )
</ e_mzd:L") = / e_x2dx/ eV dy
_ /oo /oo e—(~’02+92)d$dy

= lim // e_(x2+yz)dxdy.
a— 00 “
Thus it is necessary to compute

// e_(m2+y2)d:ndy.
9 9 2m a 5 2 1 5
// e~ @) dedy = / / e " rdrdf :/ <——e_r )
o o Jo 0 2
1

2
= ——/ (e_a2 —1)df =n(1— e‘“z).
0

a

0

2

Let a — co. Then we obtain the result.

14.5 Triple integrals in rectangular coordinates

Figure 14.4: partition of box

Definition 14.5.1. Assume D = [a,b] X [¢,d] X [p,q] be a box. Then we

subdivide intervals [a, ], [c,d] and [p, q] into n -intervals
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a=z0<x1 < - <xp=>=,
c=yo<y1 < <yp=d,
Pp=z <z <---<zp=4q,

and call the resulting subboxes Dj;, = [x;—1, ;] X [yj—1,Y;] X [2k—1, 2] a par-

tition of D.

Definition 14.5.2. We let AVj;, = Az;Ay;Az, (i,75,k =1,...,n) Then the

Riemann sum becomes

R(f,n) =5, = Z f(ciji) AVij.

i,j,k=1
Here c;;;, is any point in the subbox Djjp.

Definition 14.5.3. If lim, S,, = S exists independently of the choice of c;jp,

then we say f is integrable in D and call S the triple integral and we write

[ s Jff st [[] sty

Reduction to iterated integral

Theorem 14.5.4 (Fubini’s theorem). Suppose f is continuous on D = [a,b] x
le,d) % [p,q]. The triple integral [[[, f(x,y,z)dxdydz equals with any of the

following integrals.
qg prd b q rb pd
///f(x,y,z)dwdydz, ///f(w,y,z)dydwdz, etc.
p c a P a c

Elementary regions

Suppose R = {(z,y) | ¢1(z) <y < ¢2(x), a < x < b} is an elementary
region in zy-plane and there are continuous functions 1 (z,y), v2(x,y) such
that

D = {(z,y,2) | n(z,y) <z <ylz,y), (z,y) € R} (14.1)

Then D is called an elementary region of type 1.



14.5. TRIPLE INTEGRALS IN RECTANGULAR COORDINATES 7

Figure 14.5: elementary region of type 1

Integrals over elementary regions

Then the integral on an elementary region D given above is computed by

//Dde://R/f(x,y,z)dsz

b ré2(z)  ry2(zy)
= / / / f(z,y, 2) dzdydz.
a Ji(z) Im(z.y)

Example 14.5.5. Find the volume of radius 1.

Figure 14.6: 22 + 9% 4+ 22 =1
Unit ball is described by 22 + y? + 22 < 1. The volume is (Figure ?7)
[1av. D={@y.) |+t + 2 <)
D

Here we can take R = {(x,y) |22 + 3> <1} and D = {—/1 —22 —y2 < 2z <
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V1 —22—4y?% (z,y) € R}. Hence
1— x2—y
// / dzdydx = // / 1dzdydx
1— mz—y
:2/ V1—22 —y?dydr
R
1 V1—x2
:2/ V1—x2 —y?dydx.
-1J—V1-22

This integral can be computed by letting vV1 — 22 = a

Figure 14.7: z = 2?2 4 y%, 2 =2

Example 14.5.6. Let W be bounded by x = 0,y = 0,z = 2 and the surface
z =2 +y? where z > 0,y > 0. Find [[f,;, x dzdydz.

Methodl. We describe the region by type 1.

0<z<V2, 0<y<vV2—22 224+¢y*<2<2

///deazdydz = /0\/i [/()\/m(/x;y2 xdz)dy] dx

8v2
15
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Figure 14.8: common region of two cylinders

Example 14.5.7 (Example 1 p.911). Find the volume of the region D bounded
by z = 2?4 3y® and z = 8 — 2% — ¢°.

We describe the region by type 1. First find the intersections of two
surfaces. Set 2 + 3y? = 8 — 22 — y? to get 22 + 2y? = 4. The the domain is
the ellipse 22 + 2y = 4.

—2<2<2, /(4 -22)2<y< V(@A —22)/2, 2*+3y* <z <8292
2 (1—22)/2
V(D) = /// dzdzdy :/ 2/ (8 — 22% — 4y*)dy | dx
D -2 | Jo
2 4 (4-22)/2
= / [2(8 — 2%y — —yg] dx
i 37 |,
= 81v2.
U

Example 14.5.8. Find the common region of two cylinders (Figure 7?) x2 +
yP<1,22+22<1 (2 >0).
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I e
// / dzdxdy = / V1 — 22dydx
x2442<1 J0

—1J-v1=22

14.6 Mass, Moments and Center of Mass

14.7 Triple integrals in Cylindrical and Spherical

Coordinate

Cylindrical coordinate system

Given a point P = (z,y, z), we can use polar coordinate for (x,y)-plane. Then
it holds that

r = rcosf,
Cylindrical to Cartesain y = rsiné,
z = =z

We say (1,6, z) is cylindrical coordinate of P.

Example 14.7.1. Identify the surface given by the equation z = 2r in cylin-

drical coordinate.

Squaring, we have 22 = 412 = 4(x? + y?). The section z = c is
c? = 4(z? + y?), while with x = 0 we have z = +y. With y = 0 we have

z = 2. Thus this is a cone.
O

Example 14.7.2. Change the equation 22 + 32 — 22 = 1 to cylindrical coor-

dinate.

r?—z2=1.
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rdf

A sector of a cylinder

Figure 14.9: cylindrical coordinate

14.7.1 Integration in Cylindrical Coordinate
Let D be any region in R3. We describe it using the coordinate
r=rcosf, y=rsinf, z=z.

We partition the region D into small cylindrical wedges (Fig ?7); Small wedge
given by
[Tk, e + ATk] X [Qk, 0 + A@k] X [Zk, 2k + Azk]

has volume AVj, = AAp Az, =rpArp A0, Az, So the sum Y, f(zk, yr, 26) AVi

approaches

///D f(z,y,2) drvdydz = // . f(rcos@,rsinb,2)r dzdrdd. (14.2)

Here D* is the region of described by the cylindrical coordinate (r, 6, z).

14.7.2 Integration in spherical coordinate system

We call (p, ¢,0) to be the spherical coordinate of P(z,y, z) if
(1) p is the distance from P to the origin
(2) ¢ is the angle that makes with positive z axis

(3) 6 is the angle from cylindrical coordinate.
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Figure 14.10: Spherical coordinate

For the point P(x,y, z) we have

x = psin¢cosd p>0
Spherical to Cartesian { y = psin ¢sin 6 0<6<2n
2= pcosé 0<o¢<m

Example 14.7.3. Express the surface (1) zz =1 and (2) 22 +3?> — 2?2 =1 in

spherical coordinate.

sol.) (1) Since xz = p?sin¢cosfcos ¢ = 1, we have the equation
p? sin 26 cos ¢ = 2.

(2) Since 22 +y?—2% = 22 +y?+22 222 = p>—2(pcos ¢)? = p*(1—2cos? @),
the equation is p?(1 — 2cos? ¢) = 1.

O

Volumes in Spherical Coordinate-Geometric Derivation

Consider the small region bounded by the following conditions: (Fig.??)

po<p<po+Ap, o< P o+ A, Oy <0< b+ A6
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The integral of f is defined as

//Dfdv:///f(p’¢’9)pzsin¢dﬂd¢d9- (14.3)

How to integrate in Spherical coordinates

Let D be the region determined by

={(p,#,0) : g1(#,0) < p < ga(¢,0),h1 < ¢ < hg,a <0 < B}

To evaluate [[ pfdV = [ [ ] f(p,¢,0)p?sin ¢ dpdep df we proceed as follows:
(1) Sketch the region D and project it onto xy plane.
(2) Find the p limit of the integration (g1(¢,0) < p < g2(¢,0))
(3) Find the ¢ limit of the integration (h1(6) < ¢ < ho(6))
(4) Find the 6 limit of the integration

Example 14.7.4. Find the volume of the ”ice cream cone” D cut from the
solid p < 1 by the cone ¢ = 7/3.

p*sin ¢dp dop d

w/3
/ p*sin ¢ dp do db

0y
/ [—] sin ¢ dep df
[

2w

1),
-
J
J

— sin ¢ dqﬁ do

0 0

2
p<1, ¢ <3 =/ Hcosqb]

G

o

Il
N
)

Example 14.7.5. Compute

/// exp(z? + y2 + 22)3/24V,
W
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where W is the unit ball.

By spherical coordinate,

/// exp(z? + y? + 22)3/2dV = /// p2e”3 sin ¢df do dp.
W *

Changing it to an iterated integral, we have

1 ™ 2
/ / / 0* e’ sin odb do dp
o Jo Jo

1 ™
= 27T/ / pzepgsinqbdqﬁdp
0o Jo
1

4
= 47T/ pe” dp = —m(e—1).
0 3

14.8 Substitution-Change of variables

Let F(u,v) = f(z(u,v),y(u,v)) and recalling the definition of integral, we see

nh_)lloloZ;f(xi,yi)AAi(w,y) = nh_)lloloZ;F(ui,vi)AAi(u,v). (14.4)

One-to-one map and onto map

Example 14.8.1. Let D be the region in the first quadrant lying between

concentric circles r = a,r = b and 0; < 0 < 6y. (Fig. 7?7) Let
T(r,0) = (rcosf,rsinb)

be the polar coordinate map. Find a region D* in (r, ) coordinate plane such
that D = T(D*).

In D, we see

Hence
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0
02 |- —
D
(r,0) =T ' (z,y)
_— D*
02 01 —
0 - | | r
a b a b

Figure 14.11: Inverse image of a polar rectangle

Coordinate transformations

Let D* be a region in R%. Suppose T is Cl-map D* — R?. We denote the
image by D = T'(D*). (Fig ??)

T(D*) ={(z,y) | (z,y) = T(uw,v), (u,v) € D"}.

D*

Figure 14.12: The transformation 7" maps D* to D

Jacobian Determinant-measures change of area

We first see how the area of a region changes under a linear map. Let D* =
[0,1] x [0,1], and construct a linear map 7" that maps D* onto a parallelogram
D. Consider the vector ¢; := as — aj, ¢y := a4 — a1, and set (one may assume
a; =0)

T(u,v) = ciu + cav.
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a3
T (u,v) k-

a2

Figure 14.13: The image of a rectangle under a linear transform 7T°

The two tangent vectors to D at the origin are

Tu = a2

TU = a4.

The area of the parallelogram D is
Area(D) = (a2 —a1) x (ag —a1)[| =[],

where

d(u,v) % %

9z Oz
J— 8($;y) -— det (81}, 81}) — |DT‘
J is called the Jacobian of T'.

Thus for the area change, we have

Theorem 14.8.2. Let A be a 2 X 2 matriz with non zero determinant. Let T
be a linear transformation given by T'(x) = Ax. Then T maps a parallelogram
D* onto the parallelogram D = T(D*) and

Area of D = |det A| - (Area of D*).

Example 14.8.3. Let T be ((z+y)/2, (z—y)/2) and let D be the square whose
vertices are (1,0),(0,1),(—1,0),(0,—1). Find a D* such that D = T(D*).

Since T is linear T'(x) = Ax where A is 2 x 2 matrix whose determinant
is nonzero. T! is also a linear transform. Hence by Theorem ??, D* must be
a parallelogram. To find D*, it suffices to find the inverse image of vertices.
It turns out that

D* =[-1,1] x [-1,1].
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Now

AD) = (V2)? =2, |det A] = % A(D*) =4,

Change of variable in the definite integrals
Let D = T(D*), where

T(u,v) = (x(u,v),y(u,v)) for (u,v) € D*.

Then we have

//Df(way)dxdy = /D*f(T(u,v))‘a(x’y)‘ dudv. (14.5)

d(u,v)

Example 14.8.4. Evaluate

1 1—x
/ / VT + yy — 2x)%dydz.
0o Jo

Let us use the substitution v = x + y,v = y — 2z, so that
u v 2u v
= — —— = — + —. 14.6
r=g-3 Y= +3 (14.6)

One can find the limits of integration and find J(u,v)

= % To find the limit
of integration, we see Figure ?77. and Table ?77.

Table 14.1: Limit of integration for Example 77

zy eq. for boundary | uv eq. for boundary | Simplified
r+y=1 “g“+2“%:0 u=1
x=0 -3 v=1u

y=20 UL — () v=—2u

17
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Figure 14.14: Change of variables for Example 77

Hence we obtain
1 11—z 1 v=u
/ / vz +yly — 2z)’dyde = / / Vuv?|J (u,v)|dvdu
0 0 0 v=—2u
1 (! w3
= — — d
3/0 ﬁM_Qu !
1 M
—/ Vau(u? + 8u?)du
9 Jo
1

= / uPdu = g
0 9

O
Example 14.8.5. Evaluate
2 Y Y
/ / \/je\/x_ydajdy.
1 Jiy VT
We use the substitution u = /zy,v = \/g , so that
U
x=—, y=uv,u,v>0. (14.7)
v
We see
1 u
1wl 9
J(u,v) = |? ”2':—u
voou v
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uv = 2

Figure 14.15: Change of variables for Example 77

Table 14.2: Limit of integration for Example 77
zy eq. for boundary | uv eq. for boundary | Simplified

y==x u =4 v=1(u>0)

v

zy =1 u=1 u=1

y =2 u:\/2w,v:\/g Uy = 2

(Note that if we integrate w.r.t u first, we run into trouble!) Once we find

the limits of integration(need the region D and D*) from Table ??, we obtain

// \/Qe\/@dwdy = // fue“2—ududv
RV T R v
2 r2/u
= // 2uedvdu
1 J1
2

= 2/ [vue“]zj/udu
1

1
= 2/ (2¢"* — ue")du
0

= 2[(2e" — ue¥) + "ZF = 2e(e — 2).



20 CHAPTER 14. MULTIPLE INTEGRALS

Change of variable formula - general case

Let T be a differentiable mapping from a subset of R? to R?. Let D* =
[ug, wo + Aul X [vg,v9 + Av] and D be the image of D* under T'. Consider

x 2 (uo, vo) + Z&(u, vo) Au + Z& (ug, vo) Av + h.o.t
T(u,v) = = Oy Oy (14.8)
Yy y(uo,v0) + H2(uo, vo)Au + 52 (ug, vo) Av + h.o.t
or in vector form, we have
A
7| =X =X+ D7 || + hot
v v

and replace the map T by its linear part DT

Geometric meaning of DT

Let

and

Now the two tangent vectors T,,Au, T,Av form a parallelogram approx-

imating the region D(Figure ?77). Hence the area of the parallelogram is

Ju " o U= Gu O | Aulw = oz, y) Aulv=J - A(D").
G Au LAY 5 oo A, )

| Ty x Ty ||AuAv = | J|Aulv.

Summing over all subregions and taking the limit as Au, Av — 0 we obtain

the formula.

Change of Variables in Triple Integrals

Definition 14.8.6. Let T : R? — R3 be given by

T (u,v,w) = (x(u,v,w),y(u,v,w), z(u, v, w)).
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ryAv
Av

wAu

Figure 14.16: approximate T'(D*)

The the Jacobian J is again, as 2D case, the determinant of the derivative

DT
ox ox ox

ou’ v’ Jw
_ 9(=,y,2) dy 9y Oy
ZODR I VA
ou’ v’ dw

The absolute value of this determinant is equal to the volume of paral-

lelepiped determ’d by the following vectors

Oz dy. Oz
T = 5 ol ou

Oz, Oy, 0z
T, = 9 1+-5;J+-8 k

B or, Oy. 0z
To = 50" T o T 0™

which is the absolute value of the triple product (recall Chap. 12.4)
[(Ty x Ty) - Ty| = [J].

Caution: Three vectors T,,T,, T, are column vectors of DT, but since

det(A) = det(AT) for any square matrix, we have

Theorem 14.8.7. If T is a C'- map from D* onto D in R3 and f : D C
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(u, v, w) (,9,2)

—1.5u — 0.2v — 0.1uv + 0.2w?
T = —0.1u + 0.7v + 0.1w

w + 0.1uv — 0.1u2 — 0.202

Figure 14.17: Deformed box and parallelepiped generated by tangent vectors.

R3 — R is continuous, then

///dedydz = ///*\J\dudvdw, (14.9)

[ tenaotyiz = [[[ s w)ildudodo. 110

Example 14.8.8. Evaluate

3 4 (y/241 f9.
/ / / < Ty + E) dxdydz
0o Jo Jy 2 3

using the transformation

u=2x—y)/2, v=y/2, w=z/3. (14.11)
We see
r=u+v, y=2v, z=3w. (14.12)
We see ) ) )
S, B2, B 110
J(uv) =% %u ul_lg 2 (=6

du> v’ dw

One can find the limits of integration we obtain
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Table 14.3: Limit of integration for Example 7?7

xyz eq. for boundary | uvw eq. for boundary | Simplified eq.
x=1y/2 u+v=20/2 u=0
r=y/2+1 ut+v=20/2+1 u=1
y=20 20=0 v=20
y=4 20=4 v=2
z=0 3w=0 w=0
z=3 3w=3 w=1

//Dfd:cdydz = /// (u+ w) | J|dudvdw
[ [ ]

oL o
o

1+ 2w) dw = 12.

Spherical Coordinate - revisited

Example 14.8.9. Derive the integration formula in spherical coordinate using

Theorem ?7.

Spherical coordinate is given by

x =psingcosh, y=psingsinfh, z= pcosdo.
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The Jacobian of the mapping (p, ¢,0) — (x,y, z) is

oz Or Ox
dp 0¢ 00

) dy dy Oy
0

d(p,¢,0) | 9p G0 o
dp O0¢ 00

singcosf pcospcosf —psin@sind

= | singsinf pcos¢sinh  psin@cosd

cos ¢ —psin o 0
= p%sin ¢(cos® ¢ + sin? @) = p? sin ¢.

Hence

///Df(a:,y,z)dxdydz = // . Flp, 6,0)p sin 6 dp deb do.



Chapter 15

Integral of Vector Fields

15.1 Line Integrals

Line integral(Path integral) of a scalar function

Let C be a C'- curve x(t) = r(t) = (z(t),y(t), 2(t)) : [a,b] — C C R3. Let
P:a=ty<t; <--- <ty =>be the partition of [a,b]. Then the Riemann
sum of f: C' — R is

k
S Fx(E)Asi = Z O Ix(t:) = x(ti-)| = 37 Fx(t) As.
i=1 j

Definition 15.1.1. We define the line integral of f over C as:

/f:cy, ds—/f H)Iv() |t = /f DI (8] .

Here s(t) is the arc length parameter:

= [ Ivlar

Example 15.1.2. Find path integral of f(x,y,2) = 22 +y%+ 22 over C where
x(t) = (cost,sint,t), t e 0,2n].

25
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Since x/(t) = (—sint,cost, 1), the line integral is

21
/ fas= [ @)= @) dt
C 0

2T
:/ (cos?t +sin?t + t%)||(—sint, cost, 1)|| dt

/ (1+%)V2dt
V2 (2m +87%/3) .

Mass and Moment of a wire

Imagine coils or springs and wires as masses distributed along smooth curves
in space.

When a curve C is parameterized by r(t) = z(t)i+y(t)j+2(t)k,a < t < b,
the density of wire is §(z(t), y(t), z(t)).

M= [,dds
M, :fca:5ds

moment of inertia about the axis and the line L
L = [o(y? +2%)éds, Iy = [,(x* + 2%)dds, I. = [, (a* +y?)dds, I, = [,r*6ds.

15.2 Line integral of Vector fields: Work, Circula-
tion and Flux
Vector fields, Gradient fields and potentials

Given real C!- function f(x1,z2,...,,), we define the gradient field by

of of of

Vfi= (8—:131’6—332”8—%)

f is called the potential function.
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Line Integrals of Vector Fields

The Rieman sum of a vector field along a curve is a work defined by

n—1
> F(x( Ax,_ZF x(t; + At) — x(t;)].
=0
Taking the limit
n—1 Ax:
nlLH;oZF ) Ax; = JLIEO;F(X(Q)) A7 At

Il
@\
>
!
—~
»
—~
~
S~—
N—
x\
—
o~
N—
IS
~

X/(t)

/ab]_:‘(x(t)) X' (tdt = /” [F(x(t))' ”X/(t)H] 1%/ ()|t

[F(x(t)) - T(t)] |x'(t)|dt

(F-T)dsz/CF~dx.

Line integral with resp. to dx,dy or dz

Suppose the vector field
F(z,y,z) = M(z,y,2)i+ N(z,y,2)j + P(z,y,2)k
is given and
r(t)=x(t) =z(t)i+y(t)j+z()k, a<t<b
is a smooth curve.Then recalling r'(t) = 4] + 4 @i+ Lk, we see

b b
/ F(x(t))-dr = / (M, N, P). (Z Z@t’ f; it = /C Mdz+Ndy+Pdz. (15.1)
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Flow integrals and circulation of velocity fields

Definition 15.2.1. If F is a continuous vector field and T is unit tangent

vector on C, then the flow of F along C' is

/F-Tds.
c

If the curve is closed, then the flow is called the circulation of F along C.

Example 15.2.2. Let F(z,y,2) = zi+ zj + yk. Find the flow of F along the
helix r(t) = costi+sintj+tk, 0 <t < x/2.

d
d—; = (—sint,cost,1).

dr /2
/F'—:/ (—sintcost+tcost + sint) dt
c dtJy
3
—I—tsint} =
0

1
5

ol 3

B |:COS2 t

Flux across a simple closed plane curve

Definition 15.2.3. If C' is a smooth simple closed curve in the domain of a

continuous vector field F and n is unit outward normal vector on C, the flux

/F-nds.
c

Calculating flux across a simple closed plane curve:

of F across C'is

Let (z(t),y(t)) be a parametrization of C' and F(z,y) = M(x,y)i + N(z,y)j.

Then the unit tangent vector is T = ‘é—”gi + % Jj, and unit normal vector is

Hence the flux is
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Figure 15.1: Outward normal n = t x k directs the rhs of a walking man

/F-nds:/ <M%—Nd—w>d8:fMdy—Ndﬂj. (15.2)
C C ds ds C

Example 15.2.4. Find the flux of F(x,y,z) = (x — y)i + zj along the circle
22 +y? =1. r(t) = costi+sintj (0 < t < 2m).

We see % = (—sint, cost). Hence
dy = cost, dx =sint.

Since

M =x—y=cost —sint, N =x = cost

we see the flux is

2m
/Mdy—Ndx:/ (cos®t —sint cost + sint cost) dt
C 0

27 2
1
= / cos® tdt = / ﬂdt
0 0 2

t N sin 2t 127
== =T.
2" 4|,
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Ca

&

Figure 15.2: Two curves having the same end points

15.3 Path independence, conservative vector fields

Definition 15.3.1. A line integral a vector field F is called path indepen-

dent if
/ F-dr:/ F -dr (15.3)
Cl 02

for any two oriented curves C7,Cs lying in the domain of F having same end

points. The field is called conservative.

A vector field F is called a gradient vector field if F = V f for some real

valued function f. Thus

_of, ot of
F = 8:1:1+ 8yJ+ azk'

The function f is called a potential of F.

Example 15.3.2. A gravitational force field has the potential function f =
GmM. (r = (z,,2), r = /7T 7+ ).

B GmM

F=—
7’3

r=Vf.

We take derivative of r? = 22+ y? + 22, i.e., 27“% = 2x,2rg—; =
2y, 27’% = 2z. Thus
GmM Or Or Or GmM

Vf= T(%aa—ya&) -3
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Theorem 15.3.3. Suppose f : R3 — R is class C' and r : [a,b] — R? is
smooth curve C' and F is a continuous gradient field such that F =V f. Then

b

Fd—bv 1) -r'(t)dt = d t))dt = b
L Fde= [ s -vod= [ Lo = rew) - ).

a

In other words, the gradient field is conservative.

Definition 15.3.4. A region R in R? or R? is called simply connected if
every closed curve C' in R can be continuously shrunk to a point (contractible)

while remaining in R throughout the deformation.

Curl of a vector field in R?

If F = Mi+ Nj+ Pk = (Fy, Fy, F3), then V X F (= curl F) is defined as

0z ox

ox oy

(8P ON)i (8M 8P>j+(8N 8M>k

Theorem 15.3.5. (Conservative Field) Let F be a C'-vector field on a

simply connected domain in R3. Then the following conditions are equivalent:
(1) For any oriented closed curve C, [, F -dx = 0.

(2) For any two oriented curve Ci,Cy having same end points,

/F-dx:/ F - dx.
C1 C2

(8) F is the gradient of some function f, i.e, F = Vf.

(4) VxF =0.

Component test for conservative field

If a field F = Mi+ Nj+ Pk is conservative on a simply connected domain,
then by above Theorem, there exists some function f s.t.
0 0 0
g 0f. 0f,

F:M. N. Pk:—. _ L,
LA ISR R
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Hence we can check the following holds: (by taking the derivative)

oP  ON oM P

or _ON OM _ 0P ON  OM
oy 0z 0z ~ o

Example 15.3.6. Show that the vector field is conservative and find its po-
tential.

F(z,y,2z) = (e"siny —yz)i+ (e cosy — z2)j + (z — zy)k.

One can check (??7) or check if the curl F is zero:

i j k
_ o) o) o)

etsiny —yz ecosy—zxz zZ—xY
0 0, . . 0, 5. 0 .
= (8_y(z —xy) — &(e cosy — xz)) i+ <&(e siny — yz) — g(z - :L"y)) j
+ 3(e”ccos —a:z)—g(exsin —yz) | k=0
So the condition (??) holds. To find a potential we need to find and f satisfying

of
5, =% (15.5)

— =¢e"siny — yz,

Ox

=e"cosy —xz,

dy
Thus we proceed as follows: First integrate w.r.t x.
(1) f(z,y,2) = [(e*siny — yz)dz = e® siny — zyz + g(y, z) for some g(y, z).

(2) g—g =e’cosy —xz + g—g = e”cosy — xz. Thus ¢(y, z) is a function of z

only, thus g = g(z). Taking derivative of f w.r.t z, we have
(3) % = —zy+¢'(z) = z — xy. Thus g(z) = 32>+ C.

(4) Hence f(z,y,2) = e"siny — zyz + 222+ C.
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Exact differential form

The expression Fidx + Fady + F3dz is called a differential form. We can

compute the line integral of a differential form as

b
/ Fidx + Fody + F3dz = / (Fia/(t) + Foy' (t) + F32'(t)) dt.
C a

Definition 15.3.7. A differential form is said to be exact if it has the form

fd +gd —i——fdz—df:Vf-dx.

Pdz =
Mdx 4+ Ndy + Pdz = o By P

for some scalar function f.

Component test for exactness
The differential form is exact if and only if (following Theorem ?7)

oP _ON OM 0P ON oM

w0 ™ Wy 150

This is a consequence of Theorem ?? for conservative field.

Example 15.3.8. Find the potential of the vector field if it is conservative.

F(z,y) = (2zy + cos 2y)i + (2 — 2z sin 2y)j.

First we check that %—];] = %—Aj. Hence it is conservative. Let f be the
potential function. Then it satisfies Vf = F, i.e.,
0 0
of = 2zy + cos 2y, of = 2?2 — 2xsin 2y. (15.7)
Oz oy

Thus we proceed as follows:
(1) Integrate: f(z,y) = [ gf dz = [ 2xy + cos 2y dx = 2%y + x cos 2y + g(y)
(2) Set g—?]; =22 —2xsin2y + ¢'(y)
(3) Show g(x,y) = C.

Thus we see f(z,y) = 22 — 2zsin2y + C.
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O
Example 15.3.9. Show the form ydx + xdy + 4dz is exact and evaluate the

integral
/ ydx + xdy + 4dz.
C

15.4 Green’s Theorem in the plane

Circulation and flux

(1) The circulation rate measures the spin of the fluid around a
closed curve, which is given §,F -dr = §, Mdz + Ndy.

(2) The flux rate measures the rate at which the fluid leaves out of
the closed curve, which is given fC F - -nds = fC Mdy — Ndzx.

j{de—l—Ndy—// (8—N—6—M> dxdy.
%Mdy Nda:—// (8_M+8_N> dxdy.

Relation with 3D curl

If F = M(z,y)i+ N(x,y)j is two dimensional vector field, then it can be
considered as a three dimensional vector field as F = M (z,y)i+ N (z,y)j+0-k.

The curl F can be computed :

CurlF:((’)‘_P_@_N) (6‘_M_8_P) (8_N_6‘_M)k

oy 0z 0z Oz ox oy
ON a_M)
ox oy

Definition 15.4.1. The circulation density of F is the expression %]g\cf %—Jy,

also called the k - component of the curl denoted by (curlF) - k.
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Physical meaning:

(1) The integral of a circulation around a closed curve is the same as

the integral of the curl of F on the region enclosed by the curve.

(2) Normal component of curl F is the rate of rotation along the

plane.

Green’s Theorem

= 2 (y)
Cs

Figure 15.3: As type 1 region and boundary

Theorem 15.4.2. (Green’s theorem: Circulation-Curl form) Let D be
a closed bounded, region in R? with boundary 0D Then

j{ F-Tds= Md:z:—l—Ndy:// (8—N—6—M>dazdy.
aD oD p\ 0z Oy

The integral of the circulation around a 0D is the integral of curl F-k
on D.

Proof. Assume D is a region of type 1 given as follows:

D={(z,y)l a <z <bdi(z) <y < a(x)}.

We decompose the boundary of D as dD = O} + C; (fig ?7). Using the
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Fubini’s theorem, we can evaluate the double integral as an iterated integral

OM(w,y) [P [0 OM(x,y)
[ -y = [ o oy
b
_ / [M (2, é1(2)) — M(, ¢a(x))]dz

On the other hand, C]" can be parameterized as z — (z,¢1(z)),a < x < b
and Cy can be parameterized as z — (z,¢2(z)),a < x < b. Hence

b
/ M (2, éi())de = / M(z,y)de, i—1,2.
a Cf

By reversing orientations

b
—/ M(x, po(x))dx = M(x,y)dzx.

Cy

Hence

// da:dy—/ M dx + Mdx = M dzx.
Cy oD

Similarly if D is a region of type 2, one can show that

// —da:dy—/ Ndy + Ndy:/ N dy.
cf cy aD

Here C7 and Cy are the curves defined by x = v1(y) and = = y(y) for
¢ <y < d. The proof is completed. O

Theorem 15.4.3. (Green’s theorem: Flux-Divergence form) Let D be a
closed bounded, region in R? with boundary C = 0D with positive orientation.
Suppose F(x,y) = M(x,y)i+ N(x,)j be a vector field of class C'. Then

j{ F-nds = M dy — Ndx—// <8—M+8—N>dxdy.
oD oD 9

The integral of the outward flux around a 0D = the integral of divF
on D.

Example 15.4.4. Verify Green’s theorem for

M(z,y) = o N(z,y) = PO
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<

D>

n
/

DsTCDa

Figure 15.4: Apply Green’s theorem to each of the regions
on D= {(z,y)] h®<2?+4?><1},0<h<1.

Y Y

&
Cs
//-%D C}L
NP7

Figure 15.5: Domains for Example 7?7 and Example 77

The boundary of D consists of two circles.

Ci: x = cost, y = sint, 0<t<2r

C), : x = hcost, y = hsint, 0<t<2m.

In the curve 9D = Cj, U Cq, Oy is oriented counterclockwise while Cj,
is oriented clockwise. Since M, N are class C! in the annuls D, we can use

Green’s theorem. Since

oM  (*+y*)(-1)+2y  y?—a? ON

oy (22 + y?)? T (@242 Or

// 8_N_8_M dwdy:/dedy:O.
D 8!17 ay D

we have
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On the other hand,

Md:n—l—Ndy:/ xdy — ydz / xdy — ydz
Ch

oD o 224 y? x?2 + 92
o 0 5,2 24 4 gin2t
= / (cos? t + sin? ¢)dt —I—/ (cos 2+s1n )dt
0 27 h
=2m — 27 = 0.
Hence

Md:n—l—NdyzOz// (a—N—a—M>d:Edy.
oD p \ Oz Jy

O

Example 15.4.5. Evaluate fo %%g@ where C, is any closed curve around

the origin.

Since the integrand is not continuous at (0,0), we cannot use Green’s
theorem on the interior of C,. But if we remove a small circle of radius h
around the origin, we can use the Green’s theorem on the region bounded by

C, and C}p, (Fig ??7) as in the previous example to see

Mdx 4+ Ndy = — Mdx + Ndy.
Cy Ch

Now the integral — fch(M dx + Ndy) can be computed by polar coordinate:

From
x = hcos?, y = hsin,

dxr = —hsin 6d0,

dy = hcos 6db,
we see i o -

xdy — ydx _ h*(cos* 6 + sin 9)d6 _w
22 + 42 2

Hence

xdy — ydz
2 T
c, 7T +y
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Vector Form using the Curl

Any vector field in R? can be treated as a vector field in R3. For example,
the vector field F = Mi + Nj on R? can be viewed as F = Mi + Nj + Ok.
Then we can define its curl and it can be shown that the curl is (compute!)
(ON/Ox — OM/0y)k. Then we obtain

(curl F) - k = [(%—Z - %—]\;)k] k= (%—]Z - %—]\;).

Hence by Green’s theorem,

/ F.dx — de—i—Ndy:// (8—N—8—M)dwdy:// (V x F)-k dzdy.
oD oD p\Or Oy D

This is a vector form of Green’s theorem.

Theorem 15.4.6. (Vector form of Green’s theorem) Let D C R? be
region with OD. If F = Mi+ Nj is a C'-vector field on D then

/aDF.dx://D(curlF)-kdg;dy://D(VxF)-kd:Edy.

15.5 (Parameterized) Surfaces and Surface area

Definition 15.5.1. A parameterized surface is a (one-to-one) function
r: D CR? - R3

r(u,v) = (z(u,v),y(u,v), z(u,v)).

Normal Vectors, Tangent Planes, and Surface Area

First look at the case when the surface is the graph of f: D — R. Then we

have

r(z,y) = (z,y, f(z,9)).

First fix y = yo and then £ = xg. The derivatives of r in the direction of z-axis

and y-axis at r(xo, yo) = (Zo, Yo, f(x0,y0)) are

ro(zo,y0) = i+ fe(z0,v0)k, 1y(20,%0) =J+ fy(wo,y0)k.
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These are nothing but the tangent vectors to the curves r(z,yg) and r(zg,y),

respectively. Hence the normal vector is given by the cross product

r;(20,Y0) X Ty(@o,y0) = (i + fu(20, yo)k) X (j + fy(%o, yo)k)
ik
=1 0 fu(zo,y0)
0 1 fy(zo,v0)

= —fe(®0,%0)i — fy(z0,%0)j + k.

In general, consider the surface parameterized by
r(z(u,v),y(u,v)) = (x(u,v),y(u,v), z(u,v)).

Then we see two tangent vectors are

_8r oxr., Oy. Oz

0,0
r _@_O_xi+@.+%
Y v v 81)'] v (u0,00)

These are obtained by considering the cross sections with the planes v = vy

and u = ug, respectively. If the normal vector

o or
ou Ov

N=r,xr, =

is nonzero, then we say the surface is smooth.

Definition 15.5.2. When N is a normal vector to a surface r, the tangent

plane at r(ug,vo) = (2o, Yo, 20) is defined by
N (z — 20,y — Y0, 2 — 20) = 0.
Example 15.5.3. Consider the surface given by
_ R 2 2
r=wucosv, y=usinv, z=u"+v°.

Find the tangent plane at r(1,0).
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ellipsoid: (asin ¢ cos,bsin ¢ sin b, ccos ¢)

Figure 15.6: Coord. curves, Tangent vectors and normal vectors to a surface
Since r(u,v) = (ucos v, usin v,u? + v2) we have
r, = (cosv,sinv,2u), 1, = (—usinv,ucosuv,2v).

Hence we see 1, X 1, = (—2u?cosv + 2vsinv, —2u?sinv — 2v cosv,u). Since
r(1,0) = (1,0,1) and N =r, x r,(1,0) = (—2,0, 1), we see the tangent plane
is given as

—2(x—1)+0(y—0)+1(2—1)=0.

Area of Parameterized Surface

Recall 2-D case: When r : D — R is a transformation in R%. Consider the
small rectangle A = [u,u + Au] x [v+ Av]. The two tangent vectors (Au, 0)
and (0, Av) are mapped to the boundary of image r(A) at r(u,v) as

ryAu, r,Av.

These vectors form a parallelogram approximating the region r(A)(figure ?7?).

The area of the parallelogram is

ox ox or Oz

9z N, Oz A dz Oz

gu " g” V= g“ g” AulAv = a(x’y)AuAv.
anldu FAv 5 o O(u,v)

lry X ry||AuAv = |J|Aulv.
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//Rdazdy://D|J|dudv.

Hence we have

r(u,v)

Av

wAu

Au

Figure 15.7: approximate r(A)

Now we consider a surface lying in space: r: D — R3. Divide the domain
D into small rectangles of the form A = [u, u + Au] x [v,v + Av]. The image

of A under r is a portion of the surface having four corners at
r(u,v), r(u+ Au,v), r(u,v+ Av), r(u+ Au,v+ Av).

This surface can be approximated by a parallelogram whose sides are given
by(fig ?77?) ry(u,v)Au and r,(u,v)Av, where

_ Or _ Ox: Oy s 0
r, = 9&=0rjy Wiy o)

Hence the area of r(A) is (again like 2D) approximated by
||lry X ryl|Aulv.

Hence the area of the surface is the limit of sum of these.

Definition 15.5.4. We define the surface area A(S) of a parameterized sur-

face S by
AS) = // ds = // It x 1o || dudb.
S D

We call do = dS := ||r, X ry|/dudv the surface area differential. Then
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(0,A
u’

Figure 15.8: Approx. area of surface by a tangent plane

we see that 1

// s = // Ty, X ry||dudv.
r(D) D

Example 15.5.5 (Cone). Let D be the surface of a cone given by
r=rcosf, y=rsinf, z=7r 0<r<1.

Compute directly using ||r, x rg||drdf. We see that ||r, x rg|| = rv/2.

Hence the area is
// dS:// ey x 1o drdo
r(D) D
= / / rv2drdf
D

2 1
= / / rv2drdd = 7V/2.
o Jo

Example 15.5.6 (Football like surface). Find the area of the surface of rev-

olution of the curve x = cos z,y = 0, |z| < 7/2 around z-axis.

'y is assumed to be 1-1.
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The surface of revolution is parameterized by

. T T
r(u,v) = (x,y,2), * = cosucosv, y = cosusinv, z = u, b <u< BL 0<v<2m
We see
r, = —sinucosvi — sinusinvj + k
r, = — cos u sin vi 4+ cos u cos vj.
Compute ||r, X rgl.
z
i j k
,,7/,////M\\\§\\ ry Xy =|—sinucosv —sinusinv 1
g \\\\?\ —cosusinv cosucosv 0

N
Ol : e
I~y = —cosucosvi — cosusinvj — (sinucos u)k

vy x ry]| = cosuy/1 4+ sin?u
Hence the area is

2 /2
A = / / cosuV' 1 + sin? u dudv
0 —7/2

2r  pm/2
= 2/ V' 1+ t2dtdv( need table)
0

- /27r [tol—i—t?—i—ln(t—l—\/l—l—t?)]:]dv
0
— o [\/§+1n(1+\/§)].

Implicit Surfaces

Assume a surface is defined implicitly by

F(r,y,2) =c.
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In this case, it is not easy to find the explicit form of parametrization. However,

we can still compute

s = H(a_xi+ st P2y (9254 W5 @k)‘

ou Ou ou (% Ov Ov dudv (15.9)

from the implicit expression. Assume the surface is defined over a region R

having k as the unit normal vector. Define the parameters x = u,y = v then

z(z,y) = z(u,v).

Figure 15.9: Implicit surface F(z,y,z) = ¢ with normal vector k on R

Assume the surface has the following parametrization

r(u,v) = ui+ vj + h(u,v)k. (15.10)
Then o o
r, =i+ %k and r, =j+ %k. (15.11)

Taking derivative w.r.t = (and y resp.) using implicit differentiation, we get

0 0
—Z:0andFy+—Z:0.

F;
* ox dy

From this we get

on_ B o,
ou ann ov  F,

Hence P "
r,=1i- ka and r, = _Fyk (15.12)

z z
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and

. By,
ruxrv:Fxl—l—FyJ—l—k
z z
1 . .
= —(Fi+ Fj+ F.k)
F;

_VF _VF
 F, VF-k

The area of implicit surface F(z,y,z) = ¢ defined over R is

// ‘VF‘
r|IVF p| P‘

where p =1i,j or k is the normal to R and VF - p # 0.

Example 15.5.7. Find the area of surface of paraboloid 22 + 3% — 2 =
between 0 < z < 4.

Let F(z,y,2) = 22 +y? — z so that VF = 22i+2yj—k. VF -k = —
With D = {22 + 3? < 4}, the area is

= // VAax? 4+ 4y? + ldxdy
D
2 2
= / / Var?2 + 1rdrdf
0

- /0 ” 112 [(47“ + 1)3/2]0d9

- %(mﬁ— 1).

Surface Area of a Graph
When a surface S is given by the graph of function z = f(x,y) on D, we see
U is parameterized by r(z,y) = (z,vy, f(z,y)). Find rs, r, by

r, =i+ f;k, r, =j+ fyk.

This corresponds to above case with F(z,y,2) =z — f(z,y).
Since
ry xry = (i+ fok) x (+ fyk) = —fol — fi + k,
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//r(D) d5= //D VD + (£,) + 1dady.

Geometric interpretation

the area is

We refer to figure 7?7. The unit normal vector N(z,y, 2) on S is

N(‘Taya Z) = _fxi - fyj + k.
We can find the formula using the angle between N and k. Let ¢ be the angle
between N and k. Then cos ¢ satisfies
N-k 1
NI = .
NI 2 + ()7 41

cos p =

Hence

48 = \/(f2)? + (f,)? + 1dady = 222,

cos @
r D COS @

and we get

Figure 15.10: Ratio between two surface area is the cosine of angle

Example 15.5.8. Find the surface area of a unit ball.
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From 22 + 32 + 22 =1, we let z = f(z,y) = /1 — 22 — 2.
af —x of —y

%_\/1—952—3427 dy V1—a2—y2
Area of the half sphere is
1
//dS:// —dxdy
S D1 —22—y?
/271 L drdf
= —dr
0oJo V1—r?

= 2.

O

Example 15.5.9. Let r = (rcosf,rsinf,f0) be the parametrization of a
helicoid-like surface S, where 0 < r < 1, 0 < 6 < 27. Suppose S is covered
with a metal of density m which equal to twice the distance to the central axis,

i.e, m = 2y/x2 + y2 = 2r. Find the total mass of metal covering the surface.

First we can show ||r, X rg|| = v/1+ 72. Hence we have

M = // 2rdS = 2// r|lr, X rg||drdd
S D

2w 1 4
= / / 2r\/1 + r2drdf = (272 —1).
0 0

15.6 Surface Integrals

Integrals of Scalar functions over Surface

Definition 15.6.1. Let S be a surface parameterized by r(u,v) = (z(u,v),y(u,v), z(u,v)),
where (u,v) € D. Then the surface integral of a scalar function f(z,vy,z) de-
fined on S is

//Sf a5 = / /D Fl(u,0),y(u,0), 2(u,0))|[ry % vy dudo.
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Surface integrals over graphs

Suppose S is the graph of a C! function z = g(z,y). Then we parameterize it
by

x:u7 y:U7 Z:g(,UJ,,U)

and

Hru X I‘U” = \/1 + (gu)2 + (gv)2'

So the integral of f on S becomes

| t@vzras = [[ ravgtemn/t+ )+ ()2

Example 15.6.2. Evaluate [/ 2%dS when S is the unit sphere.

The unit sphere is described by
r(¢,0) = (singcosf,singsinf,cosp), (0<6<2m, 0<¢<m).

Since

[Ty x Tg =sin¢

and 22 = cos? ¢, we have

// 22dS = // cos? ¢[|rg x ry||dpdd
S D

27 ™
= / / cos? ¢ sin ¢ dpdf
0 0
i

=<5
Example 15.6.3. Evaluate ffS G(z,y,z)dS over a football like surface S

T =COSUCOSV, Yy =cosusinv, z=u,—— < u < 0<v<2m

when G(z,y,2) = /1 — 22 — y2.

Over the football surface the function G is given by

s
2 )

o 3

V1—22 =2 =+/1—-cos?u=|sinul.
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The surface differential is (Ref. Example 77?)

dS = cosuV'1 + sin? ududv.

Hence

w/2

2m
// V1—22—y2dS = / | sinu| cos uv/1 + sin? ududv
S 0 —7/2
2m /2
= 2/ / | sin u| cos uV/ 1 + sin? ududv
0 —7/2

2 2
= / / Vwdwdv
o J1

2 4
=2 Zw?} = %(2\/5— 1).

O

Example 15.6.4. Evaluate ffs V(1 +22)dS where S = {z = y?/2,z,y >
0, z+y <1}

This is an integral over a graph of a function. Let z = g(z,y) = y*/2

so that the surface differential is

dS = /g2 + g2 + ldudy = /y? + Ldzdy.

The surface area is

1 pl—x
[ Ve EET T = [ [ Vaw + Dy
S 0 JO
1
:/ \/5((1—3:)+%(1—x)3)d$.
0

Orientation

Let r: D — R? represent an oriented surface. If n(r) is the unit normal to S,

then

I, X Ty
nr)=4+—.
x) [T X 10|

We choose a parametrization so that the sign is positive (orientation-preserving)
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Surfaces Integrals of vector Fields

Definition 15.6.5. The surface integral of F on a surface S is the surface

integral of normal projection of F to the surface S.

//SF-nda://sF-ndS.

If F represents the velocity of a fluid, then the surface integral is the amount

of fluid that passes through the surface (per unit time).

Since n =r, X r,/||r, X ry|| is the unit normal vector to the surface,

// F-ndS= // F - n|r, x r,|dudv
S
// Fu X Ty Ity X 1yl dudv
‘ru Ty ||
~[[ Fuas
r(D)

Example 15.6.6. Find the flux of F = yzi 4 xj — 2%k through the surface S
given by
y:w2, 0<z<1, 0<2<4.

We can parameterize the surface using (x,z). r = xi + x2j + zk. So

r,=i—2zj, r,=k
ry Xr, =2xi—j
o 2xi—j
422 +1

On the surface
F = yzi+ zj — 2°k = 2221 + 2j — 2%k.

Hence
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1
Fn=——(222-220—2)
42 +1
2:13 z—x

43:2
23: z—
F ndS = er X r,||dxdz
0o Vdx?+
= / / (2232 — x)xdz = 2.
o Jo

O
Example 15.6.7. Let S be the unit sphere parameterized by
r(¢,0) = (singcosf,singsinb, cosp), (0<0<2m, 0< ¢ <m).
Compute ffs r - dS, where r = zi + yi + zk denotes the position vector.
We see
ry = cos ¢ cos 0i + cos ¢ sin 0j — sin ¢k,
rg = — sin ¢ sin 0 + sin ¢ cos 6j,
ry X rg = sin ¢(cos 0 sin @i + sin 6 sin ¢j + cos ¢k).
Hence r-dS =r- (ry x rg)d¢ df = sin ¢ dp df and
2T pm
//r-dS:/ / sin g dp df = 4.
s 0o Jo
O

Surface Integral of vector fields over Graphs

Suppose S is the graph of z = g(z,y). We parameterize the surface S by
r(z,y) = (z,y,9(z,y)) and compute

r, =i+gk, r,=j+gk

Hence

ry X Ty = —(g:)i— (gy)j + k
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and we see

//SF 1dS = //DF - (ry X 1y )dwdy = //D [F1(=gz) + Fi(—gy) + F3] dzdy.

Figure 15.11: Area of shadow region and flux across S

Example 15.6.8 (Gauss Law). The flux of an electric field E over a closed

surface S is the net charge ) contained in the surface. Namely,

J[®-as-a

Suppose E = En(constant multiple of the unit normal vector) then

//SE-dS://SEdS:Q:E-A(S).

So F = % and if S is sphere of radius R then

Q
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Example 15.6.9. Given a disk lying on the plane z = 12 described by
z=12, 2%+ y% <25,

compute ffs r - dS where r = zi + yj + zk.
We see

r, xr, =ixj=k.

Sor:(ry xry) =z and

// r-dS = // zdxdy = 12A(D) = 3007.
S D

Summary
(1) Given a parameterized surface r(u,v)

(a) Surface integral of a scalar function f:

//r(D) fds = //D f(x(u,v))||ry X ryl|dudv

(b) Scalar surface element:
dS = ||ry X ry||dudv

(c) Integral of a vector field:

// -dS = // r(u,v) ruxrvdudv—//Fn
r(D)

(d) Vector surface element:
dS = (r, X ry) dudv =ndS

(2) When the surface is given by a graph z = g(z,y)

(a) Integral of a scalar f:

//S fdS = //D f(ﬂc,y,g(omy))\/(gm)2 +(gy)? + 1 ddy
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(b) Scalar surface element:

_dxdy

a5 cosf

V(90)? + (9,)? + 1 dady

(c) Integral of a vector field:

// F.dS = // (—F19y — Fogy + F3) dzdy
S D

(d) Vector surface element:

dS =ndS = (—g,i — gyj + k) dzdy

15.7 Stokes’ Theorem

oS

Figure 15.12: Orientation by right handed rule

Stokes’ theorem is the generalization of Green’s theorem to the surface
lying in R3: Consider a simple closed curve lying in R? and a surface having
the curve as boundary: Caution: there are many surfaces having the same
curve as boundary. But as long as the vector fields are C'! in a large region

containing the curve and the surface, any surface play the same role.
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Recall : the curl of F: F = Fji + Fb»j + F3k, then

VXF:curlF:(aFg aFg)i (aﬂ 8F3), <8F2 8F1>k

Oy 0z 9z Or 9r Oy
i j k
9 90 0
Jdxr Oy 0z
Fy Fy, Ky

Theorem 15.7.1 (Stokes’ theorem). Let S be a piecewise smooth oriented
surface. Suppose the boundary 0S consists of finitely many piecewise C* curve
with the same orientation with S. Let F = Mi+ Nj+ Pk be a C'-vector field
defined on S. Then

/ (VxF)-ndS= [ F-dr.
S oS

For a 2D surface this reduces to the Green’s Theorem:

//VXF -kdA = // a—N—a—Md:Edy—}I{ F - dr.
a8

Corollary 15.7.2. If S1 and S are two surfaces having the same boundary,

" J[ 5 <®) s [ (& <0y s

Example 15.7.3. Let S be smooth surface having an oriented simple closed

curve C' as boundary and let F = ye*i 4+ xze®j + zye*k. Compute fo F - dr.

By Stoke’s theorem,

/F'dr://curlF-dS:O.
C S

Example 15.7.4. Calculate the circulation of F = (22 — y)i + 42j + 22k
around the circle C' where the plane z = 2 meets the cone z = /22 + 92,

counterclockwise. (In two ways)

One way is to directly compute the circulation (Easy, skip it). But
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Surface z = y? — 22, 2% + y? < 1 for Example 77

another way is to use Stokes’ theorem on the given surface. This make things
worse!l! (see book Example 4, p. 1019)

However, we can use a flat disc z = 2 having the same curve C as the
boundary. On that discn=kand VxF = —4i—2zj+k. VxF -n=1. So
by Stokes theorem,

%F'dr://VxF-ndS = // 1dA = 4.
C S x24y2<4

O

Example 15.7.5. Consider a surface S formed by hyperbolic paraboloid z =
y? — 22 lying inside the cylinder of radius one around z axis and the boundary
curve C. (Fig ??) Compute the circulation of F = yi — xj + ?k around

C'.(assume normal vector has positive k component on )

First we find the boundary curve C. Since it is intersection with

cylinder r = 1, we can use
r(t) = costi + sintj + (sin®t — cos? t)k

We calculate the circulation of F = yi — xj + 2%k around the boundary curve

C.
dr e . .
i —sinti + costj + (4sint cost)k

and on the curve r the vector field is

F = sinti — costj + cos® tk
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2 dI’ 2
/ F-—dt = / (— sin?t — cos®t + 4sin t cos® t) dt
0 dt 0

27
:/ (4Sint0083t—1)dt:—2ﬂ'
0

However, the use of Stokes’ theorem for this problem make it worse, terrible!!!

O

Example 15.7.6. Verify Stokes’ theorem when F = (22 +y)i+(22+2y)j+22k
and C: 2?2 +9y> =4, z=2.

Show that [ F-ds = —4m(ecasy). Let S be the disk {(z,y,z) : 2?+y* =
4,z = 2}. If n is the unit normal to S, then n = k and

J
0
dy
22 +y 2?2+2y 228

= (0—0)i—(0—0)j+ (22 — 1k = (22 — k.

VxF=

S -
Yo =

Hence

/CF-ds://S(VxF)-dS://S(VxF)-ndS

://S(zx_nk-kdsz/_Z/_g(2x—1)dxdy

2
= —2/ V4 —y3dy = —4m.
-2

Example 15.7.7. Evaluate
/ —3dx + 23dy — 22dz
C

where C is the intersection of the cylinder x? +y? = 1 and plane z+y 42z = 1.

Let F = —3%i + 23j — 23k. Then above integral is fCF ~dr. If we

consider any reasonable surface S having C' as boundary, we can use Stokes’
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theorem with curl F = 3(22 + y?)k. Let us assume S is the surface defined by

r+y+z =1, 22+y? < 1. A parametrization of S is given by r = (u,v, 1 —u—0v).

We need to compute

dS = (ry xry)dudv = ((i—k) x (j—k) =i+ j+ k)dudv.

/F-dr://curlF-dS:// 3(x2+y2)da;dy=3—”.
c s D 2

Here the domain D is the set {(z,y)|z? + 3% < 1}.

Hence

O
Example 15.7.8. A surface S is defined by z = e~ (@ +v?) for » > 1/e. Let
F = (eVT* — 2y)i + (2eV™* + y)j + " Tk.
Evaluate ffs V xF-dS.

We see
VX F = (" —ze )i+ (e — "V)j 4 2k

and
N = 2ze~ @ +%)j 4 2ye_(x2+yz)j + k.

So direct computation of f ¢V X F -dS seems almost impossible. Now try to

use Stoke’s theorem. First parameterize the boundary by
x =cost,y =sint,z =1/e.
Then

/ F.dr = / (esmﬂ'l/e — 2sint,---, eSS L (_gint, cost,0) dt
C C

This again is very difficult! Now think of another way. Think of another
surface S’ which has the same boundary as S., i.e, let S’ be the unit disk
2?24+ y? <1,z =1/e. Then n = k and hence

//VxF~dS://VxF'ndS:// 2dS = 2.
S ! !
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O

Curl as Circulation - Paddle Wheel interpretation

/ F. dr—// (V x F) -ndS. (15.14)
85, S,

Hence dividing equation (?7) we see

By Stokes’ theorem,

hmi/ Fds—hm—/ (V x F)-ndS
85,

p—>07Tp p—>07Tp
; m(V < F(Q)) - n(@)
= (VxF)-nlp.

Thus curl of a vector field measures the circulation.

15.8 Divergence Theorem

We define the divergence of a vector field F as

oP 0Q  OR

divF =VF = — e +8y+8z

‘ Physical meaning of divergence: Expansion or compression of a material.

Theorem 15.8.1. /Gauss’ Divergence Theorem/ Let ) be an elementary
region in R® and O consists of finitely many oriented piecewise smooth closed

surfaces. Let F be a C! vector field on a region containing Q. Then

/[ Fonas= [[[ aiwrav

‘ The flux of a vector field F across €2 is equal to the integral of divF in €.

Example 15.8.2. S is the unit sphere 22 +3%+2% = 1 and F = 2zi+92%j+2%k.
Find [[4F - ndS.

Let © be the region inside S. By Gauss theorem, it holds that

//SF-ndS:///QdideV.
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Since divF = V - (22i + 32j + 2°k) = 2(1 + y + 2), the rhs is

2///9(14—y+z)dV:2///QldV—|—2///deV+2///deV.
By symmetry, we have
///deV:///deV:O.
//SF~ndS:2///Q(1+y+z)dV:2///QldV:gw.

Hence

O

Example 15.8.3. Find the flux of F = zyi 4 yzj + zzk through the box cut
from the first octant by the planes x =1,y =1,z = 1.

Let © be the region inside S. By Gauss theorem, it holds that

//SF-ndS:///QdideV.

Since divF =V - (zyi + yzj + zzk) = v + y + z, the rhs is

///Q(Hyﬂ)dvz/(]1/01/01(x+y+z)dmdydz:g_

O

Theorem 15.8.4. [Divergence of curl | Let F be a C? vector field defined

on a region containing ). Then
div (curlF) =V - (V x F) =0.
Example 15.8.5. Show Gauss’ theorem holds for F = zi + yj + zk in Q :
2?4+ y? + 22 < a
First compute divF =V - F,

.o Ox Oy 0z
leF—%—Fa—y‘F&—:s
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///Q(div F)dV = ///Q 3dV = 3(%&3) _ irdd

To compute the surface integral, we need to find the unit normal n on 0.
Since 09 is the level set of f(z,vy,2) = 22 +1?+ 22 —a?, we see the unit normal

vector to 0f) is

Vi 2@ityjtzk)  xityj+zk

n— =
VAL /4(2? + 2 + 22) a

So when (z,y, z) € 09,

and

//é)QF.ndS://E)QadS:a(4ﬂa2):47m3.
///Q(divF)dV:éLwa?’://mp,nds‘

and Gauss’ theorem holds.

Hence

O

Example 15.8.6. Let Q be the region given by z? + y?> + 2> < 1. Find
[[50(@* + 4y — 52)dS by Gauss’ theorem.

To use Gauss’ theorem, we need a vector field F = Fji+ Fyj+ F3k such
that F-n = 22 +4y — 5z. Since the unit normal vector is n = i+ yj + 2k, one
such obvious choice is F = zi+4j—5k. Hence we have divF = 1+0+(—0) = 1.

Now by Gauss theorem

//ag(wz +4y —52)dS = //m(wiJrﬁlj — 5k) - ndS
://E)QF'ndSZ///QdideV
=

Example 15.8.7. Let € be the region satisfying 0 < b? < 22 + y? + 22 < a?.
Find the flux of the vector field F = (zi + yj + zk)/p?, p = Va2 + y2 + 22

O
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across the boundary of €.

On the boundary of Q, n = +(xi+ yj + zk)/p. Hence F - n = +(xi +

yj + 2k),
// F-ndS:// F-ndS—// F - -ndS
o0 a a

// F.ndsz// LS =4n

Sa p:ap

// F -ndS =4r — 47 = 0.
0N

To use Gauss’ theorem, we compute that V - F = 0. Hence Now by Gauss

[[ ¥ nis = [ arav —o

Thus

theorem

Divergence as flux per unit Volume

As we have seen before that div F(P) is the rate of change of total flux at P

per unite volume. Let €2, be a ball of radius p center at P. Then for some @

//mp F - ndS = ///Q,, divFdV = divF(Q) - Vol(2,).

Dividing by the volume we get

in Q,,

1
divF(Q) = ——— // F - ndS. 15.15
( ) VOI(QP) an ( )
Taking the limit, we see
lim 1 // F - ndS = divF(P) (15.16)
p—0 VOI(QP) oQ, N ' ’

Now we can give a physical interpretation: If F is the velocity of a fluid, then

divF(P) is the rate at which the fluid flows out per unit volume.
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Example 15.8.8. Find ffsf -dS, where F = zy%i + 2%yj + yk and S is the
surface of the the cylindrical region 2 + y? = 1 bounded by the planes z = 1

and z = —1.

Let W denote the solid region given above. By divergence theorem,

///W divFdV = ///W(x2 + %) dzdydz
= /_11 <//x2+y2<1(a:2 + yz)da:dy> dz

= 2 / / (2? + y?)dxdy.
x24+92<1

Now by polar coordinate,

2m 1
2// (2% + y?)dady = 2/ / r3drdf = .
224y2<1 o Jo

Gauss’ Law

Now apply Gauss’ theorem to a region with a hole and get an important result

in physics:

The electric field created by a point charge ¢ at the origin is

i ok
E(z,y,2) = ¢ mrytrk 9 r r=+\/x2+ y?+ 22

 A7e r3  Ameg 13’

Theorem 15.8.9. (Gauss’ Law) Let M be a region in R3 and O ¢ OM.

Then
. 0 fOo¢M,
// E-ndS = // RS = voe
oM dmeo J Jonr T L ifOeM.
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Several versions of Green’s theorem:

Tangential form jé F-Tds
Stokes’ theorem ]{U F - Tds

Normal form j{ F - nds

Divergcenc theorem / / F - ndS
o0

/ V xF-kdA
R

V X F - ndS
s

V- -FdA

/
AR
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